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Abstract
An f-percent filter rule in a foreign exchange market calls for buying a foreign
currency when its price has risen by f percent above a trough and holding until its price
has fallen f percent from a peak. If the foreign exchange rate follows a random walkt
this is an unprofitable strategy. Since ex post filter rules continue to show positive gains
on average, there must be a pattern in the data that makes these gains possible. Slight
first-order autocorrelation, evident in the changes in actual exchange rates, is not strong
enough by itself to account for the ex post filter-rule gains.
We propose viewing changes in exchange rates as being generated by a short-run
Markov switching model. This is a Markov chain (with states in which changes are
positive and other states in which they are negative) embedded in substantial noise.
When the probability is about 95 to 96 percent each day of staying in the current trend
and when a very small proportion of the daily variance (e.g., about 3 to 4 percent) is
attributable to the Markov chain, then implied exchange rate patterns (e.g., size of first-
order autocorrelation) and simulated filter rule statistics (e.g., days holding a foreign
currency and gains from the trades) are consistent with statistics generated by actual
exchange rate movements. Furthermore, an investment strategy using an optimal
Bayesian updating rule with actual mark/dollar and yen/dollar data dominates the best
filter rules.
* This research was supported by the Centerfor International Business Education and
Research at the Krannert School of Management, Purdue University
A Model for Filter-Rule Gains in Foreign Exchange Markets
by John A. Carlson and Marc Surchat
1. Back~ound
The tenn "fIlter" within the context of speculation in fmancial markets was
introduced into the literature by Alexander (1961). He writes: "Suppose we tentatively
assume the existence of trends in stock market prices but believe them to be masked by
the jiggling of the market. We might filter out all movements smaller than a specified size
and examine the remaining movements. The most vivid way to illustrate the operation of
the filter is to translate it into a rule of speculative market action. Thus, corresponding to
a 5% filter we might have the rule: if the market moves up 5% go long and stay long until
it moves down 5% at which time sell and go short until it again moves up 5%. Ignore
moves ofless than 5%." He tries filters from 5% to 50%. "In fact, medium fllters
unifonnly yield profits. and the smallest filters yield the highest profits, and very high they
are." (p. 23)
Poole (1967) picked up on Alexander's idea about a filter rule and applied it as one
of his three tests of random walk behavior in foreign exchange markets. Poole's data are
taken from nine countries that had flexible exchange rates following World War I plus
Canada in the period 1950-1962. With one exception he finds positive first order
autocorrelation in both daily and weekly changes in the log of the exchange rate. In
applying the filter rules, Poole found that the hypothetical gross returns "are invariably
positive for all ten series and for both long and short positions considered separately.
Although the highest returns tended to come with the smaller fllters, the larger filter
frequently produced returns almost as large.", (p. 473) The highest returns were found
with filters that ranged from 0.1 percent for four countries to 2.0 percent for Belgium.
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Poole notes that "the filter test is guaranteed to put the speculator on average on the
correct side of any trend." (p. 477)
Davutyan and Pippenger (1989) claim that the excess profits from filter rules
between the US and Canadian dollars during the 1950's was the result of intervention by
the Bank of Canada. They use estimates of a feedback rule for intervention by the central
bank and estimates of the effects of that intervention to construct a counterfactual series
for what the exchange rate would have been in the absence of any central bank
intervention. The filter rule profits are smaller, less significant, and much more variable
over subperiods for the counterfactual series than for the actual exchange rate series. In
addition, the strong first-order autocorrelation in the change in the exchange rate
disappears with the counterfactual series.
Poole's results appear not to have been given much serious attention for several
years. With the rise of beliefs in efficient markets and rational expectations in the 1970's,
his results may have seemed anomalous and not easily reconciled with an efficient markets
paradigm. The paper appeared well before the breakup of the Bretton Woods system and
perhaps could be relegated to an interesting study in the economic history of a world long
since past when communications among market participants were not as rapid as they
were coming to be.
After a few years of renewed floating of major currencies in the 1970's, interest in
filter rule studies revived. Cornell and Dietrich (1978) suggest that "trading rules provide
'some evidence for inefficiency in the market for the mark, guilder and franc." (p. 117)
Logue, Sweeney and Willett (1978) examine six currencies against the US dollar between
April 1. 1973, and January 7, 1976. Filter rules from 0.5 to 3.0 percent are profitable
relative to buy and hold strategies but show substantial variability across sub periods.
Their general conclusion is that the "evidence concerning cycles or bandwagon effects is
not strong, even for the initial period of floating exchange rates." (p. 172)
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At this point, one is left with the impression that the scattered evidence that filter
rule strategies could have been profitable was still viewed as a curiosity but not a serious
departure from an emerging consensus that exchange rate movements should be viewed as
a process in which the best forecast of the next day's or next week's exchange rate is the
current exchange rate. This is often referred to as the martin&ale hypothesis. In
summarizing empirical regularities in exchange rate data as of the late 1970's, Mussa
. .
(1979) writes that the "natural logarithm of the spot exchange rate follows approximately
a random walk." He also observes that "for many exchange rates, there appear to be
periods of quiescence in which day-to-day and week-to-week movements are very small,
and periods of turbulence in which day-to-day movements are large." This latter property
later came to be modelled as an ARCH (autoregressive conditional heteroscedasticity)
process.
While Mussaand others are careful to say that exchange rate movements are
approximately a random walk, no clear alternative hypotheses have been generally
accepted. This view was reinforced by a frequently cited study by Meese and Rogoff
(1983) who report that several alternative models of exchange rate detennination perfonn
no better, and in some cases worse, than a random walk in forecasting out of sample.
.Among those who think the filter rule evidence should be taken seriously, Dooley
and Shafer (1976), (1984) conduct several tests of the martingale hypothesis for the US
. dollar exchange rate for nine countries. In their later paper, they report that "the
remarkable profits reported in Dooley and Shafer 1976 for the 1,3, and 5 percent fllter
remained clearly in evidence for the post-1975 sample." (p. 60) They conclude:
"Substantial evidence just presented leads us to reject the martingale model for changes in
spot rates adjusted for nominal interest rate differentials. The profitability of the filter
rules further suggests that the deviations from a martingale are important." (p. 65)
Sweeney (1986) devotes attention to obtaining tests of significance of fllter rule




hold strategy and does not assume, as Dooley arid Shafer do, that when the filter rule
signals the sale of foreign currency, the speculator not only closes out a long position but
also sells short until the next buy signal. In examining daily movements in the dollar-OM
exchange rate, Sweeney finds significant excess profits from a 1.0 percent fIlter rule, after
allowing for transactions costs. Filter rules of 0.5 and 2.0 percent also appear to do well.
Since most of the effectiveness of the rule is attributable to exchange rate changes rather
than to interest-rate differentials, he examines several other currencies, for which he did
not have good daily interest-rate data, and again finds many more cases of profitable filter
rules than were likely to have occurred by chance.
Hodrick (1987), in reviewing Dooley and Shafer's results estimates the standard
deviation of trading rule profits for a one percent filter rule in each of the three subperiods
for the nine currencies. He finds "that in only three of the 27 separate cases is the annual
percentage profit greater than two standard deviations from zero. Also, thirteen of the.
observations are within one standard deviation of zero.... The fact that almost all of the
observations are positive, though, suggests that this approach may overstate the lack of
statistical significance of the filter rule profits." (p. 81) In the concluding section of his
monograph, Hodrick conunents: " Unfortunately, without an unrejected model of
expected returns that vary through time, it is difficult to know whether the apparent
profitability of some of the trading strategies is simply consistent with changes in the
riskiness of currencies or whether the evidence is truly a market inefficiency.
Reconciliation of the fIlter rule studies with the models of time varying risk premiums is a
challenging area of future work." (p. 156)
Levich and Thomas (1993) compute the profitability of filter rules and moving
average rules with five currencies using daily futures prices (to avoid adjustments for
. interest differentials). They run 10,000 simulations by reshuffling the daily changes. This
assures that each set of simulated data will have the same probability distribution as the
original data, will have the same starting and ending value, and can be used to assess the
•
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significance of the profits with the actual data. The trading rule profits with the actual
series were almost always in the upper tail of the profits computed with the simulated
data, often in the top I percent They conclude that these profits are significant. "The
profitability of trend following rules strongly suggests some form of serial dependence in
the data but the nature of that dependency remains unclear."
In an earlier review of some of this literature, Levich (1985) raised questions about
the evidence of filter lUle profits: "Dooley and Shafer's results indicate that small fl1ters (x
= 1,3 or 5 percent) would have been profitable for all currencies over the entire sample
period. However, there appears to be some element of riskiness in these trading rules,
since each fl1ter would have generated losses in at least one currency during at least one
sub period. Furthermore, it is not clear that the size of the fl1ter can be chosen ex ante to
optimize or assure profits. " (pp. 1030-31)
This latter point by Levich needs to be emphasized. The fl1ter rule literature is
overwhelmingly empirical. Ex post experiments indicate that various filter rules will more
often than not place a speculator on the right side of the foreign exchange market. Why
this should be true cannot be answered without a model of the process of exchange rate
movements that is consistent both with actual movements and with positive expected gains
from fl1ter rule trading. With such a model one can attack the issue of which filters can be
expected ex ante to work best. Section 4 below introduces a candidate model and Section




2. Filter Rule Statistics
To update the evidence and set the stage for our own analysis, weexarnined
statistics from daily changes in exchange rates. A tape obtained from the US Federal
Reserve contains prices in US dollars for a variety of foreign currencies at approximately
noon New York time. The samples we used begin January 1, 1974, and end May 28,
1991. Missing data because of holidays and weekends were eliminated and the series was
treated as if the observations were on consecutive days. Our measure of the exchange rate
et is the natural logarithm of the price on day t
Consider Figure 1, a stylized representation of exchange rate movements without
the jiggles. Let ei represent the log of the exchange rate at time ti. An f percent filter rule
identifies a trough any time the exchange rate has fallen from a peak by at least f and has
then risen by at least f. In Figure 1, a trough occurs at time to when the exchange rate is
at eO, because e1 is f above eO. The filter rule calls for a purchase of the foreign currency
at the price e1. This occurs at time t1. A peak is defined when the price has risen by at
least f and then falls by at least f. In Figure 1, there is a peak when the price reaches e2 at
time t2, because e3 is below e2 by f. The filter rule calls for a sale of the foreign currency
at time t3 at the price e3. If e3 is above e1, the speculator has a gain on the trade (before
any transactions costs) and if e3 is below e1, the speculator has incurred a loss. With a
two-sided fIlter rule, the foreign currency would also be sold short at e3, and repurchased
. when the exchange rate has risen by f from a subsequent trough.
Thus, with a symmetric f percent fIlter rule, the following statistics can be readily
obtained from available exchange rate data.
t2 - to = the time from trough to peak
t3 - t1 = the time "in" the foreign currency.
e2 - eO = the change in the exchange rate from trough to peak





We considered six US dollar exchange rates -- for Canada, France, Gennany,
Japan, Switzerland and the United Kingdom. Any linear trend over the sample was
removed so that the last observation was the same as the fIrst observation. This has only a
minor effect on the statistics but assures that any gains from using the mter rules cannot be
attributable to picking up the overall trend in the data. Table 1 provides statistics on the
variance and fIrst-order autocorrelation of the daily change in the log of the exchange rate.
For Canada, the variance is almost an order of magnitude smaller than for the other fIve
countries. All six currencies exhibit small positive fIrst-order autocorrelation in their daily
changes.
We tried a variety of filter rules but concentrated on the range from 0.5 to 2.0
1
percent, since those are the ones that have most consistently been shown to yield excess
returns over a buy and hold strategy. An important statistic in our subsequent analysis is
the average number of days between transactions, i.e., the average of t3 - tl' These are
reported in Table 2, after 0.5, 1.0 and 2.0 fIlters were applied to each of the six currencies.
Note that the longest times "in" a foreign currency are for the Canadian dollar, which has
the smallest variance, while the shortest times are for the Swiss franc which has the
greatest variance. The reason is, of course, that currencies with larger daily changes tend
to trigger sell orders more quickly for a given fIlter rule.
The distribution of these days holding a currency is also of interest. A large
. number of positions are closed out within 1 or 2 days and sustain a loss. Occasionally,
even for relatively small fIlter rules, the number of days holding the foreign currency can
be quite large. Table 3 shows the distribution for trading the Gennan DM against the US
$ using a 1 percent filter rule. In 34 cases the exchange rate dropped by more than one
percent the day after the purchase had been triggered and those 34 cases had an average
loss of 1.45 percent. Well over half of all transactions (258 out of 441) were for seven
days or fewer and on average transactions held for seven or fewer days under a one-
percent rule showed losses. The gains come from the longer runs. For example, in the
t
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two cases in which the currency moved in one direction for thirty trading days without a
reversal of one percent or more yielded an average gain of 10.55 percent.
All of these gains assume that transactions can take place only at the same time
each day. This is the way other authors have calculated the returns from filter rules.
However, traders are not so constrained. Suppose instead that traders were sufficiently
nimble so that they could execute trades at precisely f percent above a trough and make
their sales at precisely f percent from a peak. We can then calculate the gains from such
trades by keeping track of the changes between peaks and troughs and subtracting twice
the fIlter rule. For example, in Tabie 3, the 34 transactions for which the filter rule called
for selling out in one day, the average difference between troughs and peaks was 1.47 and
so in the column labeled "nimble" gains shows a loss of 0.53 (1.47 - 2.00) for one-day
trades.
Note that such nimbleness has the effect of cutting down the losses on the short-
duration trades, as well as raising gains somewhat on the longer runs. In commenting on
speculation in foreign currencies, Goodhart (1988, p. 457) writes: "... a bank's open
position is continuously monitored, and a position that has begun to make a loss will be
very quickly closed out, in a matter of a day or so. The adage that you should take your
losses and run your profits is firmly maintained." The distribution of fIltered movements in
exchange rates suggests that this may be a very profitable strategy. We return to a
discussion of these "nimble" trades later.
Consider again the gains when trades are constrained to take place at the same
time each day. We calculated approximate annual rates of return from following each
filter rule with each currency over the sample period in the absence of transactions costs.
We cumulated the gains (or losses) each day and then computed the rate of return which,





Let Gt be the cumulative holdings at time t, with an initial Gl set equal to 1.0.
Assume that each day the entire portfolio is either long or short in the foreign currency.
Then the holdings valued in domestic currency will accumulate as follows:
Gt+ I = Gt exp(et+1 - et) with a long position at time t
(1)
Gt+ I = Gt exp[-(et+1 - et)] with a short position at time t
Recall that et is the natural log of the spot exchange rate at time t If et+1 - et > 0, the
foreign currency has appreciated. These calculations ignore transactions costs. If there
were transactions costs they would be incurred only at times when the investor switched
positions.
We considered an array of filter rules from .50 to 2.00 percent in increments of .05
percent with the DM data. Table 4 presents the ex post results. The entries in the column
labeled "Number of transactions" show the number of times the fIlter rule called for a
switch between long and short positions. Clearly, as would be expected, a higher filter
results in fewer transactions because more changes in the exchange rate are filtered out.
The entries in Table 4 in the column labeled "Cumulative holdings" are the values
of Gt at the end of the sample. With a filter rule of .50 percent, for example, the holdings
cumulate to three and a half times the initial investment. The last column labeled "Annual
rate of return" is obtained by raising the final cumulative position to the power of
(250/4363) and subtracting 1. The results are given in percent per year. For the filter of
.50, an annual return of 7.5 percent return on an initial investment of 1.00 will cumulate to
3.54 after (4363/250) = 17.4 years.
The pattern observable in Table 4 is that the cumulative holdings increase as the
filter rises from .50 to 1.00 percent, reach a peak between 1.05 and 1.40 percent and then·
fall as the filter increases to 2.00. The pattern, however, is not smooth. There are jumps
and dips. For example, the overall rate of return is markedly higher if a filter of 1.05 had
been used instead of 1.00. This small difference in the filter generates a few marginal
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differences in positions chosen, with the result that the subsequent returns can be quite
different This illustrates the generally unpredictable nature of exchange rate changes and
the extent to which luck can affect payoffs. Despite these vagaries, note that all the rules
called for a substantial accumulation over the sample.
Similar calculations were perfonned with the other five currencies. Table 5 shows
the rates of return with filters of 0.5, 1.0 and 2.0 percent. Two points are worth noting
about the top half of Table 5. First, the returns are all positive. As others have pointed
out, this would not be true if exchange rates follow a random walk. There is presumably a
pattern in the exchange rate movements that enable filter rules to show consistent gains
over long periods.
Second, the returns are not large. For the Canadian dollar the average return with
these three filter rules is less than 3 percent per year before transactions costs. For the
other five currencies, the returns range from 7 to 13 percent per year. Even with very
small transactions costs, these are not impressive returns, particularly considering the
riskiness of the speculation. While, as Sweeney (1986) has argued, some of the returns
after transactions costs may be significantly in excess of a buy and hold strategy in the
sense that these excess returns are unlikely to have occurred by chance, the typical returns
reported leave the impression that they are not of great importance.
The impression may be different, however, if the trades are not constrained to only
one time of day. Suppose, as suggested in conjunction with our discussion of Table 3,
that traders managed to execute their f percent filter-rule trades at precisely f above a
trough and fbelow a peak. We used the same peaks and troughs identified when trades
are at the same time of day, calculated the change from trough to peak, and subtracted 2f
from these changes to get what we have called gains from nimble trades. These gains
were cumulated over the sample and the average annual rates of returns were calculated in
the same way as before. The results are shown in the bottom part of Table 5.
•
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The estimated rates of return are now markedly higher. The returns on the
Canadian dollar, while higher, are still not particularly compelling. With the other five
currencies, however, the returns appear very attractive. By far the highest potential
returns were with the Swiss franc, which had the highest variance in its daily changes.
There are two caveats about these calculations. First, intra-day movements might
trigger more in and out trades and those trades could generate losses. Second, some
exchange-rate movements may occur so rapidly that traders miss the exact triggers. We
plan to examine around-the-clock intra-day data to see how important these caveats are.
While these caveats may call for reduction in the estimated returns to nimble
traders using filter rules, the potential gains from filter rule trading may have been far
larger than generally acknowledged in the Economics literature. Roman (1992) reports
that relatively new foreign exchange fund managers realized gains of 31.6 percent per year
over the five years ending December 1991. While competition may eventually drive down
these rates of return, they have not been trivial.
Whether or not there are what appear to be unexploited profit opportunities, our
primary interest is in exploring what sort of stochastic models would be consistent with
the statistics that emerge when filter rules are applied to actual exchange rate data.
•
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3. First-Order Autocorrelation and Filter Rule Gains
To what extent could the small positive first-order autocorrelations observed in the
changes in exchange rates account for the evidence about filter-rule gains? The answer is
that the observed autocorrelations explain only a fraction of the gains. We show this by
means of simulations.
Let Et denote a random draw, without replacement, from the distribution of actual
changes in the exchange rate. We accomplish these draws by a random shuffling ofthe
actual changes and construct, by means of the following formula, an artificial series that
has a first order autocorrelation of p:
(2) Xt = P Xt-l + bEt
where b = (1 - p2).5 is scaled so that Xt has approximately thesame variance as the actual
data. Given 4363 values of Et, a value for p and an initial value xQ, we can generate a
simulated series. These simulated data were subjected to the same filter-rule analysis as
described earlier for the actual data.
We conducted several experiments. Since the general results are much the same,
we present in Table 6 the results for a 1% filter rule with the DM/$ data. We shuffled the
actual data 20 times. For each set of draws for Et, we constructed 11 series using the
formula in equation (2), with values of p running from 0.00 to 0.10 in increments of 0.01.
A one percent filter rule applied to each series resulted in statistics for days holding a .
currency and the cumulative gain from positions taken. The averages over 20 runs are
shown in Table 6.
In Table 6, "Days" refers to the average number of days before switching out of a
currency. As p increases, the average number of days increases gradually, but even with
an autocorrelation of 0.10, there is a tendency for the filter rule to call for fewer days
holding a currency with the simulated data than with the actual data. The actual DM data
has an autocorrelation of about 0.03 and the 1% filter called for holding a currency for
9.85 days on average. In the simulated data with an autocorrelation of 0.03, the average
"
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number of days is only 8.70; and with an autocorrelation of 0.10, the number of days is
8.88, still well below what occurred with the actual data.
In terms of cumulative holdings, the simulated data when p =0 produced an
average of 1.05, as shown in the fIrst row in the column headed "Average GT" where T
represents the last day and Gt was calculated using equation (1). There was considerable
variability across runs. The column headed "Std Dev Avg GT" reports the standard
deviation of the GT over the 20 runs divided by the square root of 20. For a zero
,autocorrelation, the figure of 0.07 suggests that the mean cumulation position of 1.05 is
less than one standard deviation from 1.00 and hence not significantly different from
yielding no gain, as would be expected from using a fIlter rule with data that come from a
random walk.
As the correlation coefficient p becomes higher, the average cumulative gain from
using a 1% fIlter rule rises. With p =0.03, the average G(T) was 1.43, which is
significantly greater than 1.00. In the column headed "Rates of Return" this cumulative
holding of 1.43 translates into an annual rate of return of about 2.1 percent. Even if the
fIrst-order autocorrelation were as high as 0.10, analysis of the simulated data indicates
that the average rate of return from following the fIlter rule is well below that found with
the actual data.
Thus, there must be some form of persistence in exchange rate data, other than the




4. A Markov Switching Model
The evidence from statistics on the duration and profitability of filter rules suggests
that there are short-tenn trends in the data over and above what can be explained by the
small first order autocorrelation in exchange rate changes. We turn therefore to an
exploration of a Markov switching model, which is capable of generating short-tenn
divergent trends. This sort of model has been applied to monthly and quarterly exchange
rate data by Engel and Hamilton (1990) and by Engel (1992). We consider its
applicability to daily data.
A Markov chain is defined in tenns of states, initial probabilities of starting in each
state, and transition probabilities, i.e., probabilities of moving from one state to another.
Let St denote the value of the state variable at time t Our initial exploration will be in
terms of a symmetrical two-state Markov chain, which will be characterized as follows:
Prob [St =d ISt-1 =d] =P
Prob [St =-d I St-1 =d] =1 - P
Prob [St = d ISt-1 = -d] = 1 - P
Prob [St =-d ISt-1 =-d] =p
If St represents the change in the exchange rate from day t-1 to day t in a pure Markov
chain, then in one state there is a steady upward drift of d in the exchange rate each day
and in the other state there is a steady downward drift The parameter p is the probability
of staying in a state and 1-p is the probability of switching; p and 1-p represent the
transition probabilities.
If p is greater than .5, the probability of staying in a state is greater than the
probability of switching. If p is very close to 1, then one would expect relatively long
times in one state and, once a switch occurs, relatively long times in the other state. While
there is no long-run expected trend in this process, there would be opportunities to profit
by buying long when the system is in the state with the upward drift and selling short when
the system is in the state with the downward drift.
"
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The need for filter rules or some similar device for detennining which state the
system is in arises if there is substantial random noise superimposed on the Markov chain.
Assume the change in the spot exchange rate can be expressed as a sum of two random
numbers as follows:
(4) et-et-l=St+ Ut
where St comes from the Markov chain as defined above and Ut is an independent random
variable with a mean of zero and a variance of O'u2 . The change in the exchange rate is
observed but not the decomposition between St and Ut. Equation (4) which involves
random noise superimposed on a Markov chain will be called a Markov switching model.
To study how a fIlter rule would fare with exchange rate changes generated by this
process, we performed a number of simulations similar to those described in the preceding
section. First note that the variance of the change in the exchange rate can be written:
(5) Var(et - et-1 ) = d2 + O'u2
In each simulation, we set Vareet - et-1 ) equal to the observed variance for a particular
exchange rate. This will be denoted by 0'2. To span a range of possibilities, let
(6) d2 = m 0'2 and
(7) O'u2 = (l-m) 0'2.
As m varies from zero to one, the relative importance of the Markov chain rises. If m
equals 0, equation (4) becomes a random walk and if m = 1, the process is a pure Markov
. chain without noise.
The key parameters are m, the relative weight on the Markov chain, p, the
probability of switching from one state to the other, and 0'2, the overall variance (which is
important for its size relative to the fIlter rules). Given 0'2 and m, the parameters O'u2 and
d can be determined from (6) and (7).
Series of data were generated in accordance with a Markov switching model. In
our initial simulation experiments, we took random draws from a t distribution with 4
degrees of freedom, in order to have fat tails similar to the tails observed in the
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distributions of actual exchange rate changes. For each set of values of 0', p and m, we
constructed 4363 observations 12 times and each time applied a filter rule analysis.
We considered values for 0' = .653 and .621 percent, to correspond to the standard
deviation of the daily change in the log of the DM and the Yen, respectively. We also
used a wide range of values for p and m. It turned out that m in the range from 0.025 to
0.075 and values ofp in the range from .925 to .975 generated statistics that were similar
to those obtained from actual exchange rate data. Table 7 shows some of the results.
The results when 0' =0.653 are shown in the top half of the table. In these
simulations, th'e average number of days holding a currency and the average gains are
fairly close to what was found with the actual DM data for all three filter rules when p =
0.95 and m is between 0.025 and 0.050. In other words, the statistics from running a fIlter
rule analysis on simulated data are comparable to those with the actual exchange rate data
when the simulated data are generated by a Markov switching model in which the
probability of staying in a state each day is 95 percent and less than 5 percent of the daily
variance in the change in the exchange rate is attributable to the drift in the Markov chain.
The remaining variance is attributable to the,noise represented by the Ut variable.
The bottom half of Table 7 reports simulation results in which the standard
deviation of the daily changes = .621. The simulations with p = .95 and m = .05 generated
statistics not much different from those with the Yen data, although there are some
discrepancies.
This region of the p, m parameter space is also consistent with observed first-order
autocorrelations with the DM and Yen data. If data are generated by a Markov switching
model, the expected ar(l) can be shown to be the following function of p and m:
ar(l) = 2 m (p - .5)
Using the sample autocorrelation for ar(l), we can express m as a function ofp and ar(l):
(8) m = .5 ar(l)/(p-.5)
17
Recall from Table 1 that the fIrst-order autocorrelation of changes in the DM was .0314.
If P = .95, then equation (8) calls for m =0.035. With the Yen the first-order
autocorrelation it was .0382. Again if p = .95, then m =0.42 will have an expected
autocorrelation equal to what was observed with the actual yen data.
These preliminary experiments are encouraging and suggest pursuing further the
linkage between a Markov switching model and fIlter rules.
5. Optimal Filter Rules and the MarkQv Switching MQdel
Recall Levich's (1985) CQncern abQut hQW tQ chQose the filter ex ante tQ Qptimize
or assure profIts. A meaningful ex ante analysis is possible Qnly with an acceptable
hypQthesis abQut the nature of past exchange rate mQvements that can reasonably be
expected tQ persist. The simulations repQrted in SectiQn 4 indicate that a short-run
MarkQv switching mQdel can generate filter rule statistics cQnsistent with thQse fQund fQr
actual exchange rate data. Whether Qr nQt similar patterns can be expected tQ persist in
the future depends Qn why the patterns have Qccurred. We leave tQ future research
attempts tQ develQp a general equilibrium model in which short-run trends persist
For now we explore the fQllowing questions. If an exchange-rate series were
generated by a MarkQv switching mQdel, what WQuld be the Qptimal rule to fQllQW in
choosing an investment strategy? How well dQes that strategy work with actual exchange
rate data? How dQ the pQsitions taken and Qverall profitability compare with the best filter
rule strategy with the same data?
If we knew that the system was initially in Qne state, then after Qbserving Xt we
could infer whether the system had switched tQ the Qther state. For example, supPQse the
system is initially in the state with the downward drift The likelihoQd of having switched
states is greater than the likelihood Qf staying in the initial state if:
(9) (l-p)g(xt - d) > pg(Xt + d)
'.:to
18
where g(Ut) is the density function for the random noise. The mean of the observed
change will be d if the process is in the state with an upward drift and will be -d if the
process is in the state with the downward drift Taking logs of both sides of (9) yields the




log(l-p) + log g(Xt - d) > log(p) + log g(Xt + d)
If g(Ut) is a nonnal density function:
g(Ut) =i exp {;Ut~}
21tO'u O"u
.. '
Substituting (12) into (10), we fmd the following condition for a switch:
20"u210g(1-p) - (Xt + d)2 > 20"u210g(p) - (Xt - d)2
20"u2 [log(l-p) -log(p)] > 4d Xt
(13) Xt > [log(p) -log(l-p)][O'u2 j(2d)]
From (13), we can see that the critical value for inferring that a switch has occurred is
larger when the variance of the noise in the Markov switching model relative to the short-
run trend in the Markov chain (O"u2{d) is larger and if the probability (P) of staying in a
state is greater. These results make sense intuitively. If either the random noise or the
probability of staying in a state is greater, one needs a bigger observed change to believe
that a switch has occurred.
We could develop a similar condition over a series of observations, but there is a
fundamental difficulty. The derivation of (13) began with the assumption that we knew
the system was initially in a particular state. Because of the random noise in a Markov
switching model, we can never be sure which state the system is in. At best, we can assign
a probability to being in one state or the other. This suggests that, if data are generated by
a Markov switching model, an investment strategy based on those probabilities should
dominate a fIlter rule strategy. We turn therefore to such an analysis.
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Let bt-l denote the probability, with infonnation prior to time 1, of being in the
state with an upward drift of d. Then the prior probability Wt that St will have a positive
drift d is given by:
ok (14) Wt =PrEst =d] =P bt-l + (1-p) (1-bt-1)
(15)
..
The first tenn in (14) is the product of the probability of being in the state with the upward
drift in the previous period times the probability of continuing in that state. The second
tenn is the product of the probability of being in the state with the downward drift the
previous period times the probability of switching to the state with the upward drift After
Xt the actual change in the exchange rate has been observed, the posterior probability that
the process is now in the state with an upward drift is given by the Bayesian fonnula:
b = PrEs = d Ix ] = Wt g(Xt - d)
t t t Wtg(Xt- d) + (l-Wt) g(Xt+ d)
The probability that the process will have st+1 = d is given by an updating of
equation (14) using the latest infonnation and collecting terms in bt:
(16) wt+l = Pr[sHI = d] = (2p - 1) bt + (l-p)
Note that wH1 == 0.5 when bt =0.5 , and with 0.5 < P < 1.0, wt+1 increases with bt but
by less than the increase in bt.
In the absence of transactions costs, the speculator will have positive expected
profits by being long in foreign exchange at time t if wt+1 > 0.5, because the probability is
greater than one half that the price of foreign exchange will rise from time t to t+1. By the
same reasoning, if wt+1 < 0.5, the speculator should be short in foreign exchange.
To carry out the calculations one needs to know the distribution of the random
noise Ut in equation (4). For illustrative purposes, we assume a nonnal distribution. To
allow for fatter tails we could also assume a t distribution. Substituting the nonnal density




{-eXt -d)2}Wt exp 2 2
I CJubt =Pr[St =d xtJ = r-eXt -d)2} {-eXt + d)2}
Wt exp i 2 2 + (1- Wt) exp 2 2
l CJu CJu
In applying the rule to the DM/$ exchange rate data, we limited our range of
parameters considered by constraining the overall variance of the Markov switching
process to equal the variance of the actual data. In the case of the DM/$ data the sample
standard deviation was .65 percent per day (0" = .65). We also constrained the expected
fIrst-order autocorrelation of the Markov switching process to be the same as the
autocorrelation calculated from the actual data.
Cumulative holdings can be calculated as before using equation (1). The results
when applied to the DM/$ data are reported in Table 8. When these fIgures are compared
with those reported in Table 4 for the filter rules, we fInd an improvement associated with
the use of the optimal rules based on a Markov switching model. In Table 4, the highest
cumulative holdings, when f = 1.05, implied an aimual rate of return of 12.5 percent per
year. With the Bayesian rule, any p between .950 and .975 dominated the best results for
any fl1ter rule. Even with assumed transition probabilities between .80 and .99 the
Bayesian rule does very well compared with the better fIlter rules.
A transition probability implies an expected length of time T in each state
(18) T = 1/(l-p)
So for p =.8, the expected time in each state is 5 trading days. With p =.99, the time is
100 days. This suggests that one can have vastly different perceptions about the length of
the periods of short-term drift and still devise a profItable investment strategy. With p
between .950 and .975, the inferred short-term trends would tend to last between 20 and
40 trading days. For subsequent analysis, we shall use p = .96 as representative of
probabilities of staying in a state. This implies that drifts in one direction or the other last
25 trading days on average.
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In the case of the DM/$, the sample autocorrelation was .0314. Equation (8) with
p =.96 implies that m =.0336 with the DM/$ data, so that almost 97 percent of the daily
variance of the exchange rate is attributable to white noise. From equation (6), the
implied value for d is 0.12 percent per day. Notice that this drift of 0.12 is only about
one-fifth the size of one standard deviation (0.65) in the daily change in the exchange rate.
As a result, we expect a lot of false signals of a change in state when in fact a state has not
changed. For this reason the number of transactions that the Bayesian rule calls for is well
in excess of the expected number of switches. The Bayesian rule, with p = .96, calls for
switches every 10 or 11 days on average instead of 25 days if the state could be observed
without error.
The day-by-day investment positions called for by the best ex post filter rule (when
f = 1.05 percent) can be compared with the positions called for by the Bayesian rule with p
= .96. Of the 4362 trading days in which positions could be taken, the two rules called for
the same positions on 3439 days and differed on 923 days. This means they agreed about
79 percent of the time. Overall, these results suggest that a filter rule is a somewhat less
than optimal but still an effective way to II1ter out the noise and capture the short-term
trends in the exchange rate data.
Similar results were obtained for the Yen/$ data. The best filter was with f = 0.8
percent. With 465 transactions and a cumulative holdings of 9.84, the ex post rate of
return was 14.0 percent per year. The best Bayesian rule, assuming a normal distribution
for the random noise, had p =.95 and reached a cumulative holdings of 11.31 for an
annual rate of return of 14.9 percent Given the variance and autocorrelation of the actual
data, the inferred value of m is .042, which means that about 96 percent of the daily
variance in the assumed Markov switching model is attributable to the white noise tenn.
The two strategies called for the same position on 76 percent of the days.
In order to see how changes in parameters in the Markov switching process tend
to alter the best filter rules, we performed one other set of simulation experiments.
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Series of data were generated by using a Markov switching model. Each series
had 4364 observations, which were intended to represent hypothetical daily values of an
exchange rate. Changes in the exchange rate were the result of combinations of random
draws from a t distribution with 4 degrees of freedom and a two-state Markov series that
switched states with probability I-p each day. The parameter m is the proportion of the
overall variance attributable to the Markov variable. With all the runs each Markov
switching series was adjusted to have no trend and a standard deviation equal to 0.65,
which is approximately the size of the observed daily fluctuations in the DM/$ exchange
rate. Two values of p (.95 and .96) and two values of m (.035 and .045) were used. For a
series generated by each value of p and m, ten different filter rules were tried (f = 0.25,
0.50, ... , 2.50) and statistics collected. One run therefore consisted of 40 combinations of
f, p, and m.
Table 9 reports averages from 30 runs. A number of observations can be made
about these data.
An increase in the probability of staying in a state p, from .95 to .96, for any given
values of m and f, had relatively little effect on the average number of transactions or on
the average number of days between transactions. A higher p did increase the average
gain per transaction, which corresponds to e3 - el in Figure 1.
The average cumulative holding for a given p and m as f is varied from .25 to 2.50
is remarkably flat. There is, however, a pattern in the way the average gains peak. The
largest cumulative positions occur when f = 1.00 for the runs in which p = .95 and when f
=1.25 for runs in which p =.96. This supports the hypothesis that an increase inp calls
fora higher f. In addition these results are consistent with the evidence from the Yen and
DM data about the best fIlter relative to the values of p that achieved the greatest expost
rates of return.
A higher m, which involves a higher proportion of the daily variance attributable to
the Markov variable, results in a consistently higher average gain while holding a foreign
23
currency. Since the average number of days holding a foreign currency is not much
affected by m, the cumulative holdings, whatever the filter rule, are higher when m is
higher. Variations in m have no evident effect on the best filter. IT p =.95 and m is
increased from .035 to .045, the highest cumulative' gain remains f = 1.00; if p = .96, and
m is increased the highest cumulative gain stays at 1.25.
The most striking feature of these simulations is the variability from one run to
another in the cumulative holdings and in the fIlter rule which yields the highest returns.
Some indication of this can seen in the last column of Table 9. This is the standard
deviation of the cumulative holdings over the 30 runs. Even if one divides these by the
square root of 30, which is about 5.5, to get estimates of the standard deviation of the
average holdings, the average payoff from using filter rules from 0.50 to 2.00 do not
appear to be significantly different. Thirty runs with 17.4 years amounts to 522 years of
data. So even with an unchanged structure, it might be difficult with 500 years of
observations of daily changes to be sure which is the best filter.
6. Conclusion
The evidence of filter rule gains has been essentially an empirically interesting
pattern in search of a theoretical foundation. It is well known that positive filter rule gains
are not possible in the long run if exchange rates follow a random walk. A pure
autoregressive process in which the first-order autocorrelation is about the same size as
exhibited by exchange rate data is consistent with positive gains from filter trades but .
cannot, we have argued, generate gains that are as large as have appeared possible with
the actual exchange rate movements.
We have proposed a short-run Markov switching model as a way of reconciling
available statistics about exchange rate movements with the evidence that investment
strategies based on filter rules can generate positive expected gains. When the probability
)
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is about 95 to 96 percent each day of staying in the current trend and when a very small
proportion of the daily variance (e.g., about 3 to 4 percent) is attributable to the Markov
chain,the model is consistent with evidence from actual exchange rate data. The expected
fIrst-order autocorrelation has the right size and fIlter rule trades with data generated by
such a Markov switching model can produce statistics (days holding a foreign currency
and gains from the trades) that are also in accord with real world evidence..
Two considerations which have not been explored formally here may call optimally
for being neither long nor short in a foreign currency. The fIrst is the evidence that there
are occasional periods of tprbulence. This could be analyzed by constructing a current
I
measure of the variance of noise as an autoregression of past squares of shocks.
According to the The Economists (1993), these markets follow trends when volatility is
low but reversals occur more frequently when volatility is high. Hence trends are more
difficult to discern during periods of high volatility.
We have also not formally as yet introduced transactions costs into our analysis.
With an optimal Bayesian updating when it is costly to switch, there may be a range of
probabilities around 0.5 within which it is optimal to be out of the market awaiting a
clearer signal about the current trend.
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ObselVed Average Number of Transactions
and Days Between Transactions
0.5% Rule 1.0% Rule 2.0% Rule
Trans. Days Trans. Days Trans. Days
Canada 327 13.0 121 34.0 51 70.9
France 809 5.4 405 10.7 188 23.1
Gennany 867 5.0 441 9.9 201 21.7
Japan 760 5.7 385 11.2 178 24.2
Switz. 1028 4.2 536 8.1 243 17.7
UK 837 5.2 425 10.2 179 24.1
Table 3
Gains from a 1% Filter Rule, OM/S, 1974-1991
Days Number of Average ·Nimble·
!' Holding lionsoctions Gains Gains
1 34 -1.45 -0.53
1· 2 47 -1.21 -0.11
3 43 -0.87 0.08
4 36 -0.75 0.21
5 45 -0.08 0.78
6 27 -0.23 0.88
7 26 -0.67 0.17
8 25 0.47 1.37
9 11 1.00 1.60
10 11 0.88 1.97
11 13 1.19 2.18
12 10 1.23 2.08
13 14 1.95 2.72
14 7 1.79 2.44
15 8 0.79 1.28
16 6 3.29 4.67
17 4 2.39 3.22
18 6 1.30 2.04
19 5 2.30 2.93
20 5 1.25 1.55
21 5 1.80 2.61
22 4 3.14 3.88
23 6 2.51 2.92
24 5 2.60 3.46
25 3 0.88 1.85
26 4 5.)5 6.24
28 4 0.41 1.19
30 5 4.32 5.38
31 2 10.55 11.09
32 2 2.45 3.38
33 2 7.43 8.38
34 2 2.41 2.54
35 4 2.11 3.02
36 2 6.70 7.06
39 1 8.98 9.12
44 1 4.93 5.65
49 1 3.81 4.78
58 1 12.27 13.23
60 1 10.49 11.38
61 1 0.18 0.72
" 81 1 3.40 3.44
86 1 2.68 3.12
Table 4
Effect of Filter Size on Nwnber of Transactions
~ and Cumulative Holdings, DM/$ Data
\-.
Filter in % Number of Cumulative Annual rate
transactions holdings of return
.50 869 3.54 7.5
.55 803 3.62 7.2
.60 741 3.71 7.8
.65 675 . 3.54 7.5
.70 627 4.23 8.6
.75 595 4.04 8.3
.80 551 4.76 9.4
.85 523 4.70 9.3
.90 503 4.05 8.3
.95 479 4.47 9.0
1.00 443 5.74 10.5
1.05 411 7.77 12.5
1.10 397 6.60 11.4
1.15 381 5.34 10.1
1.20 363 5.83 10.6
1.25 347 5.81 10.6
1.30 319 6.97 11.8
1.35 307 6.30 11.1
1.40 291 6.58 11.4
1.45 283 5.65 10.4
1.50 275 5.09 9.8
1.55 265 5.00 9.7
1.60 257 4.93 9.6
1.65 253 4.43 8.9
1.70 251 3.85 8.0
1.75 241 3.80 7.9
1.80 231 3.63 7.7
1.85 225 3.39 7.2
1.90 221 3.17 6.8
1.95 213 3.35 7.2




Estimated Annual Rates of RetuQ from Filter Rule Trading
(a) Returns When Trades Occur at Only One Time of Day
0.5% 1.0% 2.0 %
Canada 2.7 2.9 0.3
France 8.8 9.3 7.7
Gennany 7.5 10.5 7.7
Japan 9.8 13.2 7.1
Switzerland 6.4 10.6 9.2
U.K. 8.7 8.4 8.4
(b) Returns From Nimble Trades
0.5 % 1.0% 2.0%
Canada 9.5 5.8 1.7
France 62.6 37.9 19.6
Gennany 66.2 38.7 20.0
Japan 60.0 37.2 19.3
Switzerland 90.3 51.7 26.9
U.K. 62.9 36.3 20.6
~ . Table 6
• Filter Rule Statistics with Autocorrelated Data
Std Dev Rate of
p Days AvgGT AvgGT Return
0.00 8.65 1.05 0.07 0.3
0.01 8.65 1.15 0.07 0.8
0.02 8.68 1.28 0.09 1.4
0.03 8.70 1.43 . 0.10 2.1
0.04 8.73 1.61 0.11 2.8
0.05 8.76 1,82 0.12 3.5
0.06 8.78 2.00 0.14 4.1
0.07 8.81 2.24 0.14 4.7
0.08 8.83 2.50 0.16 5.4
0.09 8.85 2.76 0.17 6.0
1.00 8.88 3.18 0.22 6.9






Average Days Between Transactions and Average Gains from Filter Rule Trades
When Data Are Generated by a Markov Chain with Noise and DM/$ Variance
0.5% Rule 1.0% Rule 2.0% Rule
p m Days Gains Days Gains Days Gains
.925 0.025 4.75 0.080 9.27 0.166 21.3 0.349
.925 0.050 4.99 0.194 9.45 0.369 21.4 0.631
.925 0.075 5.12 0.110 9.82 0.563 21.6 0.970
.950 0.025 4.87 0.115 9.17 0.197 22.2 0.524
.950 0.050 5.07 0.221 9.76 0.424 22.5 0.990
.950 0.075 5.30 0.225 10.46 0.712 22.9 1.331
.975 0.025 4.89 0.110 9.48 0.275 23.1 0.740
.975 0.050 5.08 0.225 10.15 0.551 24.2 1.333
.975 0.075 5.36 0.375 10.93 0.906 26.3 2.200
Actual: 5.02 0.145 9.87 0~394 21.7 0.647
Average Days Between Transactions and Average Gains from Filter Rule Trades
When Data Are Generated by a Markov Chain with Noise and Yen/$ Variance
0.5% Rule 1.0% Rule 2.0% Rule
p m Days Gains Days Gains Days Gains
.925 0.025 5.00 0.096 9.77 0.198 23.4 0.466
.925 0.050 5.18 0.182 9.92 0.323 22.5 0.538
.925 0.075 5.43 0.288 10.36 0.545 23.5 1.022
.950 0.025 5.05 0.122 9.81 0.216 23.5 0.542
.950 0.050 5.23 0.195 10.21 0.406 23.7 0.821
.950 0.075 5.46 0.329 10.80 0.709 24.9 1.505
.975 0.025 5.10 0.116 10.06 0.293 24.6 0.819
.975 0.050 5.33 0.252 10.93 0.582 26.9 1.582
.975 " 0.075 5.57 0.373 11.45 0.869 29.0 2.367
Actual: 5.71 0.214 11.25 0.557 24.2 0.662

Table 9
Average Statistics from 30 Runs of a Markov Switching Model
Number of Average Average Std Dev
t f P m Transactions Days Gain Holdings Holdings
0.25 0.95· 0.035 1336 3.3 0.096 3.86 1.42
'. 0.50 0.95 0.035 873 5.0 0.155 4.22 1.82
0.75 0.95 0.035 608 7.2 0.241 4.69 1.94
1.00 0.95 0.035 448 9.7 0.332 4.88 2.21
1.25 0.95 0.035 347 12.5 0.418 4.81 2.40
1.50 0.95 0.035 276 15.7 0.529 4.73 2.10
1.75 0.95 0.035 227 19.0 0.617 4.53 2.07
2.00 0.95 0.035 191 22.5 0.698 4.18 1.94
2.25 0.95 0.035 166 26.0 0.755 3.95 2.17
2.50 ' 0.95 0.035 142 30.3 0.861 3.89 2.50
0.25 0.95 0.045 1316 3.3 0.122 5.38 2.01
0.50 0.95- 0.045 859 5.1 0.197 5.81 2.22
0.75 0.95 0.045 597 7.3 0.308 6.82 2.81
1.00 0.95 0.045 438 9.9 0.429 7.14 3.09
1.25 0.95 0.045 342 ,12.7 0.526 6.79 3.32
1.50 0.95 0.045 271 16.0 0.684 7.01 3.10
1.75 0.95 0.045 223 19.3 0.795 6.50 2.82
2.00 0.95 0.045 188 22.9 0.913 6.25 3.47
2.25 0.95 0.045 163 26.3 0.960 5.44 3.01
2.50 0.95 0.045 141 30.5 1.105 5.51 3.73
0.25 0.96 0.035 1342 3.2 0.089 3.52 1.24
0.50 0.96 0.035 876 5.0 0.151 3.99 1.50
0.75 0.96 0.035 607 7.2 0.239 4.68 1.94
1.00 0.96 0.035 448 9.7 0.321 4.80 2.44
1.25 0.96 0.035 344 12.6 0.448 5.43 3.14
1.50 0.96 0.035 274 15.8 0.547 5.02 2.37
1.75 0.96 0.035 224 19.2 0.643 4.74 1.93
2.00 0.96 0.035 188 22.9 0.742 4.60 2.00
2.25 0.96 0.035 164 26.3 0.786 4.11 1.94
2.50 0.96 0.035 141 30.4 0.881 3.93 1.93
0.25 -0.96 0.045 1320 3.3 0.117 5.07 2.08
0.50 0.96 0.045 861 5.1 0.195 5.69 2.03
0.75 0.96 0.045 595 7.3 0.310 6.89 2.56
1.00 0.96 0.045 436 10.0 0.433 7.45 3.54
-. 1.25 0.96 0.045 337 12.9 0.563 7.79 4.45
-i" 1.50 0.96 0.045 268 16.1 0.709 7.57 3.96
.r 1.75 - 0.96 0.045 220 19.6 0.832 6.94 2.80
2.00 0.96 0.045 185 23.3 0.958 6.62 2.87
2.25 0.96 0.045 160 26.9 1.055 6.13 2.85
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